Consid era ble use has been m a de o f t he geom et ric-op ti cal propagation t hco ry to d esc rib e lon g wavelen gth terrestrial r a dio waves between t he ionosphere and t he g round b~1 [196 J , [1 962]. The physical in terpretation of pulse sig na ls propagated a round t he te rrest ri a l s phere as a n application of t he t heo ry has been describcd by J o hle r [1 962, 1963a, 1963b]. Indeed , t he use of t he Lo ra n-C ra dio n avigatio n-timi ng sy stem to s t ud y t he p rop a gatioll of 1,F ionos phe ric waves ha s given f ur t he r imp et us to s uch a st ud y .
Introduction
The display of tillle-sep arated pulses on a low frequen cy Loran-C r adio navigation-Liming oscillograrn [JolLIer , 1962] at considerable distance from t he tr ansmi tter can be explained by the geometric-op tical rays, figure l. Thus, the first pulse to arriv e aL the ]'ecei vel ' (0) from t he t ran smitter (8) can be consider ed as a signal prop agated via t he g round wave (j = O) over tb e surface of L ile ground with which the geodetic d = a fJ is < Lssociated (t he w,wes in the earth are completely absorbed and h en ce do not ordin arily emerge again). Another pulse will a l'l'i \'e 20 to 40 ,usec later by propagating over th e ray (j = 1) as a single ionospheri c reflection . Higher order U=2, 3, 4 .. . ) pulses will arri\re at t he receiver (0) by propagation o ver rays which r eflect two or more times between the ground and the ionosphere, arri ving at t he r ecei vel' at ever later times. These pulses are quite calculable for m easured models for t he ionospher e [Johler, 1963a and 1963b] from the Fourier transform-in tegral theorem , employing th e theory of propagation for either the geometric-optical series or the more con ventional residue (mode) series . Concerning the latter, Bremmer [1949 ] in his well-known textbook is quo ted , "We b eg in by remarking that for the skywave the developmen t of the residu e method is, in gener al, less clear than the geometric-optical method .. .. " Indeed, the geometric-opt ical m ethod pro vid es a clear physical in terpretation of the r ays without the pulse solution, where, on the other h and, the residue or mode th eory does not split into time-separated pulses wit hout the Fourier inversion to the time domain. Thus, the terms of the residue series (modes) are no t clear as far as a physical interpretation of the time dOlnain is concerned . Both methods of course should yield identical numerical values, bu t th e approximations used in the geometricoptical ray limit of the rigorous series are subject of scrutin y in this paper by a comparison wit h the rigorous residue or zonal harmonics methods . 
Theory of the Geometric-Optical Series
The propagation problem described, figure 1, has been formulated rigorously for a source 8 and an observer 0, in the guide between the ionosphere and ground without regard to geometricoptical rays, in a companion paper, Johler and Berry [1963] . This solution is the series of zonal harmonics, which for the particular case of a vertical electric field , E r , volts/meter, figure I, assuming a source dipole current-moment, I ol = 41r/tLoc '"'-'3.38 (10-2) ampere-meters, where I n+)1(z) and H~2+ )1 (Z) are Bessel and Hankel functions of order n+X and argument (z) and the Hankel function H~2) is of the second kind. The quantities R n and Tn are related to the spherical reflection coefficients, R~ and T~, respectively, (5) Tn (6) where RS n (7) (8) where d= a+ h and h is the height of the ionosphere boundary above the surface and
for a plasma frequency squared w~ and a collision frequency v The denominator in (1 ) is expanded in the geometric-optical series [Bremmer, 1949] ,
provid ed I R~n l< I , and the field E , is expressed in the geOLnetric-optical series,
wh er e, the ground wave, E r . o, which can be regarded as the zero order (j = 0 ) term of the series,
and a particular ionospheric wave, j,
The expressions (12 ) and (13) can be evaluated directly at long wavelengths «30 kc/s) by summing the slowly converging series according to methods described by Johler and Berry [1962] .
On the other h and, highly convergent representation of (12) and (13) can be obtained from the contour integrals,
where the poles of order j are associated with T~_Y2 as the roots of V=V s, of (8),
Integral (14) contains the real axis poles, v=n-~=~' ~, ~ . . ., of the original series of zonal harmonics; and the only other poles of order (j + 1) are those of R~_Y2' or, eq (8) , the roots v=v. of (17) Equations (16) and (17 ) are readily evaluated by methods of Johler and Berry [1963] in a companion p aper. The comrel'gence of the integrals (14 ) and (15 ) is assured for n = v-~ in (10) by I m-y, T~-y:d < 1, which permits interchange of order of integration r and summation ~ J C J since the series converges uniformly with the circle of convergence, IRv-y, Tv-y,I= l. Employing the approximations,
with approximations of Debye or Hankel approximation [Johler and Berry, 1963 ; Berry, 1963] , which substitutes Hankel functions of order ~~ for those of complex order, Bremmer [1949] has introduced a determination of the roots 7 = 7 " v= vs of (7) as the roots of Riccati 's differential equation,
which , incidentally, have been tabulated [Johler, \Valters, and Lilley, 1959] , where for vertical polarization, 0= 0.,
However, as has been demonstrated in previous papers, Johler and Berry [1962] (1 7) can be evaluated directly . Th e integral (14 ) then becomes the classical series of residues, upon closing the contour along the imaginary axis of the complex v-plane with the right half of the v-plane,
where R v-y,= 1] v-y,/DH ". This is the well-known residue series, representing the first term or " pure" groundwave term of the geometric-optical series. The line integral has been found to be negligible by Berry [1963] in a companion paper. Computation details for this residue series (2 1) and the zonal harmonics series (12 ) have been detailed, Johler and Berry [1962J. The evaluation of the integral (21) was carried out in a companion paper by Johler and B erry (1963] .
The zonal harmonics series before splitting into a geometric-optical series can also be transformed, (22) where the integration to be considered is performed in the complex v-plane. Equation (15 ) represents the ionosphere waves. Indeed, the sum of these wuYes, (23) in which the poles of R~_y,= 1] v_y,/Dv_y" D v_y, =' O produce a residue series which is precisely the negative of Ute g]'oundwaye. Thus, the residue series resulting from the zeros V=Vs of (24) again yields the total field-ground and ionospheric wave.
It should be quite possible to evaluate (15 ) (23) is written as a series of residues for j = l , employing the integration contours used in (21 ),
where the line in tegral B erry [1963] ,
CH Il be Il eglected. D '_'A is idenLi cnl wit h (17 ) and can be evalua Led by previously described methods of Johl er [1961 ] for the first series of (25 ). The contribution of tlte second series ,1S a r esult of Lhe polos V= Vs of D!_'A= O, does not occur in Bremmer [1949] and W ait [1961 ] r onnulation.
Thus, for example, Bremmer [1949] in Ilis well-know ll Lextbook (p. 33 of his document ) makes the substitution >/;n= H n (usin g exp (iwt) time function ). This can be n,ccomplished in n,n exact manner, >/;n= t [r }!)+ r ,;2)]. This latter exact substitution ill (15) results in a single series with only groundwave type poles of importan ce such as those poles in the first seri es of (25), and the effect of the ionosphere poles is thrown in essence into t ile excitation fac tors, as waf' accomplished in the less exact geometric-optical theory to be deriv ed s ubsequent.ly. D etailed study of these matters is re~erved for future work.
Thus,
for V= Vs in the second series of (24) . Thus, it is unnecessary to make furtiler matllellH\,tical de\"elopment of (25 ) sin ce techniques for all functions described herein h ave bee n describ ed 0 2
• 0 pre\-iously, JollIer and Berry [1962 and 1963] except for the ov2 Dv-v. . . Smce ov Dv-» has been worked out, a continuation of this procedure , although tedious, is tractable . The significance of (25) and (13) is a series of residues and a series of zonal harmonics for the ionospheric geom eLrie-opticnl wave which, like the ground wave, is rigorous. It is therefore quite tractable but tedious to formulate and calculate rigorous geometric-optical ionospheric waves. This tr1sk is r esen T ed for future work. An examination of t he more conventional ray limit of the rigorous geo met ric-optical series will now be made.
The ray limit of the rigorous geometric-optical series represents an evaluation of the integral (15) employing approximations: ~v (z)~exp { i; { 1_G)2}1'_7r ;} {l-GY} -~< (27) provided 1 1-(;Y I< <+ I~{ l-(;y} 12[> >1[, where the former condition applies to the low frequency groundwave poles and the latter to the higher frequency case (100 kc/s), z= k, r large. Also ,
for 1m v large or, say, 1m v> 2, since v is exponential order. Noting the elimination of the poles of the integrand due to cos V 7r on the real axis as a result of the approximation (30), (15 ) can be written, j = l, 2, 3 . . . or j,c.O, (31) It is common practice to evaluate this integral by the saddle point method, Wait [1961] , Bremmer [1949] , (32) where Vj are the roots, V=Vj off '(v) = O, or (33) or (34) and
This leads to the standard geometric-optical formula, Johler [1961 ] , usin g t ; = t j-Dj/c where for the ground wave,j= O, t~= t -7) \ die,
where and (37) for transmit ter (t ) and receiver (r ) over identical ground, (38) where R a nd l' are interpreted as th e well-known Fresnel reflection coefficients for vertical pola rization (e) ,
The effect of anisotropy a nd the variation of electron density and collision frequency wit h altit ude (nonsharply bounded ionosphere) are accoun ted for by the factor OJ which involves t he r eflection coeffi cients B, T. In the anisotropic case [Johler and H arper, 1962 ; Johler , 1962] , R is r eplaced by He and Rm, t he ver tical electric a nd vertical m agn etic r eflection coefficients, and T is replaced b y Tee, Tern, Tnt., Trnm, where Tee is a ver tical electric incident wave wit h a corresponding vertical electric r eflected wave, Tern is the abnormal componen t or ver tical magnetic resulting from th e ver tical electric fi eld at the anisotropic boundary . Similarly, Tmm refers t o the ver tical m agnetic inciden t and r eflected and again Tme is a corresponding abnormal componen t. Thus, for th e anisotropic case, Bremmer [1949] [19 62] h ave devised comput ation boundaries t o eVilluate electron density-altitude, N(h ) collision frequency-al tit ude v(h) profiles of the lower ionospher e. Also, monoener getic electron-ion collision frequencies h ave been introduced int o th ese reflection coeffi cien ts, Johler and H arp er
for identical transmitter and r eceiver dipoles, C = 10-7 I ol jd, where d= afJ, the geodetic, t;= t -T/ lD j jc(T/l'" 1) and
The factor CX j is corrected in the caustic region, 7j;;;~' with the factor Aj~l, Wait (1960) 
where zj= kla cos 3 7j /3 sin 2 7j> Also, in the same region, 'Vait and Conda [1958] have replaced the factor F= (1 + R )2 with the solution for a plane wave wrapped around an infinitely long cylinder, valued, This can also be written as a residue series summation,
The use of the cylindrical geodetic in the calculation of the factor F } r in (44) can be replaced by the exact solution for a plane wave on a sphere using either the series of zonal harmonics or the residue series of Johler and Berry [1962 , 1963] or E r= E ro (12) , (14) , where Eo is the primary field
. Discussion
The advantages of using geometric-optical theory to interpret pulses in the time domain and to introduce local changes in the reflection processes warrants an investigation to determine corrections or extensions of the theory to make the accuracy of the predicted fields correspond with the same degree as the accuracy of the residue m ethods , To this end the computation is studied, The ground wave Er ,o portion of the conventional geometric-optics is calculated by methods developed by Bremmer. The formulation of Bremmer's [1949] theory for the large scale electronic computer was presented by Johler, Kellar, and Walters [1956] , A comparison of this method of computation, which employs some approximations, with the rigorous solution originally proposed by Watson [Johler and B erry, 1963] using re8idue methods and also using the series of zonal harmonics gave identical results, This leads on e to inquire as to how well the higher order termsj = 1, 2, 3 . , , of the geometric-optical series (36), or indeed , the sum of all significant terms of the series compares with the rigorous solution (23 ) (25 ) (16 ), Employing the computation m ethods described in the companion paper by Johl er and Berry [1963] , figures 2, 3, 4 illustrate such a comparison at 100 k c/s, 30 k c/s, and 10 kc/s as a function of distance for various situations. A sharply bounded, isotropic, model ionosphere was employed for this purpose, At 100 kc/s, the geometric-opitcalray series clings quite accurately to the rigorous curves at short distances, < 400 km, probably because of the dominance of the Bremmer-van del' Pol ground wave term in the series. Indeed, as distance is increased, the accuracy is still quite remarkable in spite of the comparatively gross approximations in (36) , The ripples caused by interference of ground and ionospheric waves are followed quite accurately out to approximately 1,000 km, Herr also the departure is not serious since no new phenomena are obser ved in the rigorous theory. The departure does, however, b ecome serious at 2,000 km and greater distance where the field decays more rapidly than is indicated by the rigorous solution . A similar situ ation is noted, fig ures 3 and 4 at 30 kc/s or 10 k c/s. However, at 10 kc/s it is interesting to note that the serious departure between the geometric-optical and rigorous method is smaller even at dist ances, say, 2,500 km. This, of course, is contrary to intuition, since it is generally conceded th at geometric-optical rays are valid at the high frequency ray limit, j ---?> OJ. However, the comparison is more subtle, since, the so-called geometric-optical ray theory used at long wavelengths, (36), does employ spherical corrections as described previously. This leads one to inquiTe as to the cause of the departure of (3 6) from the rigorous theory and suggests a possible corr ection to extend the theory to greater distances.
It is possible to question the validity of the approximations for the convergence coefficient, (XJ, but the calculations have been restricted to distances for which the spherical corrections are valid. The use of the cylindrical approxinlation (44 ) of Wait and Conda [1958] to calculate F;' T could also be questioned. However, a comparison of this factor with the rigorous factor (48) indicates good agreement in the distances of concel 'll, near (d-dH = O) . This leads one to question the saddle point approximation.
The compl ex v-plane of the contour integral (16), represent ing t he rigorous solution to the problem , for which computation details have been presented by JollIer and Berry [1 963] in a companion paper is illustrated , figure 8, at a frequency of 100 kc/s. The position of the poles of the integrand are shown graphically, and the excitation factor for each residue is also gIven. A rather interesting change occurs in the topography of the complex v-plane at 100 kc/s. Thus, at lower frequencies , the poles "march" downward to the left in the fourth quadrant, approachin g ever closer to the 1m v-axis with e lT er increasing imaginary in a quite regular manner similar to the poles with excitation factor 232 , 169, 144, 132, figure 5 . However, at 100 k c/s there is a group of poles in the region k1a< Re v< k1d which exhibit a sharp discontinuity in thi s otherwise r egular progress, such that the 1m v is comparatively small and the excitation factor is comparatively larger, the residues of the poles with excitation factors 286 , 232, 315, 226 , etc ., obviously dominate the field at short distances. But, since t he 1m v is comp aratively large, these modes decrease r apidly with distances and at 1,500 or 2,000 km no longer dominate. At this point the modes with the somewhat smaller excitation factors, 75 , 120, 3.2, 2.2, etc., dominate, since their 1m v, ' which is of exponential order, is considerably smaller . Bremmer [1949] alludes to this quantizing of the field by referring to these latter modes as B-poles, where the former fLre A-poles. The saddle point approximation apparently implies the A-poles as the dominan t field at the surfaces of the earth. It would be necessary to r epresent the B-poles by rays skirting the ionosphere. Whereas these rays never touch the ground, they fill the space and apparently make a contribution at greater distances, (> 2,000 km ).
This suggests evaluating the second summation of (25 ) as an additive correction to the geometric-op tics. Since this residue series in volves simple poles for the first ionospheric ray, it is comparatively sinl ple to evaluate by previously described methods, Johler and Berry [1963] . The more complicated first residue series of (25 ) can also be evaluated for th e complete rigorous geometric-optical first ionospheric reflection. It is apparent that a similar rigorous evaluation of the higher order terms of the geometric-op tical series (j = 2 , 3, 4 . . . ) can be made by similar proced ures, the most serious complication being the evaluation of the r esidues of higher order poles. This is complicated but t ractable.
The poles of the second series together with excitation factors 2 as calculated by (16) The ionosphere poles are close to the B-poles of the residue series or mode series r epresentation. However, the excitation fa ctors are differ ent. N ote the large excitation factor for s= 1 of appr oximately 75.
Since the ionosphere poles h ave small 1m v, t hese are not negligible at gr ea ter distance since the excitation factor is sufficien tly large. Indeed, these r esidues ar e of sufficien t amplitude to compensate or correct the geometri c-op tical curves, figures 4, 5, wher e the first and second tenTl of the geom etric-optical series ar e sufficien t . Obviously, the corrections for the high er order term of this serie are r equiTed at t he gr eater distances (> rov 2,000 km ). It can then be concluded that the geometric-optical r ays ar e no t mer ely built up by Tay diffrac tion around th e terres Lrial spher e bu t ind eed are buil t up by certain ion ospheric r eflection of Lhe na ture of a detach ed m ode. The detailed stud y of these phenomen a is r eser ved for futur e work.
Conclusions
The geomeLric-optical ray theory, which has b een correc ted with th e convention al spherical corrections, is a r eason ably valid t heory to distances of approxima tely 1,500 or 2,000 km.
At greater distan ces and especially a t LF (100 k c/s) , it is necessary t o con ect th e field for additional ionospheric propagation, in which case an ion ospher e r eflection coefficient r esidue correction can b e made. It is quite possible with presen tly available techniques to evaluate the first term U= 1) of the rigorous geom etric-op tical series, and the extension to higher order U=2, 3, 4 .. . ) Lerms of the series is tractable bu t complicated . In any case it is clear t h at a d iffraction Lheol'Y is not always adequate to describe th e field from a geomeLric-optical p oint of view, esp ecially at d istances greater than 1,500 k m . The r esult s of this an alysis suggest such extensions for fut ur e work.
